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The cascading gravity model was proposed to eliminate instabilities of the original DGP model by
embedding our 4D universe into a 5D brane, which is itself embedded in a 6D bulk. Thus gravity
cascades from 6D down to 4D as we decrease the length scales. We show that it is possible to
extend this setup to lower dimensions as well, i.e. there is a self-consistent embedding of a 3D brane
into a 4D brane, which is itself embedded in a 5D bulk and so on. This extension fits well into the
“vanishing dimensions” framework in which dimensions open up as we increase the length scales.
PACS numbers:
I. INTRODUCTION
It has been argued for quite some time that our theory of gravity embodied in Einstein’s general relativity needs to be
modified on large cosmological scales where we run into problems like the cosmological constant problem, dark matter
problem etc. One of the most interesting non-trivial modifications is the so-called DGP model [1]. In that model, our
universe is just a 4D dimensional brane embedded in a 5D space-time (where D refers to the number of space-time
dimensions). Unlike the original model of large extra dimensions, where extra dimensions are either compacted or
warped, the bulk space of DGP model is infinite. Fine tuning between the bulk cosmological constant and brane
tension ensures that gravity appears 4D on reasonable scales, and becomes 5D only on very large cosmological scales.
Such a setup was extensively studied in context of modified gravity and cosmology.
As a very interesting extension of the DGP model, the so-called cascading gravity model was proposed in [2–5].
The main motivation for it was the apparent instability of the original DGP model. In the cascading model, the
appearance of ghosts is prevented by embedding the 4D brane in a higher dimensional 5D brane, which is itself
embedded in a 6D bulk. Thus, new dimensions open up for gravity as we increase the length scale. A priori, one does
not have to stop with a 6D bulk, and can extend this cascading setup to even higher dimensions.
On the other hand, the cascading gravity model could be extended from the left, i.e. from the lower dimensional side.
Apart from the pure academic interest, one motivation for this comes from the so-called “vanishing” or “evolving”
dimensions models [6–10]. In “vanishing dimensions”, the short distance physics is lower dimensional rather than
higher dimensional. Having less dimensions at high energies has manifold advantages, as pointed out in [6]. Reducing
the number of dimensions at short distances can be achieved by an ad hoc ordered lattice model [6, 7], or elaborate
stringy model [11]. It would be interesting to see if the cascading gravity model can also be extended to lower
dimensions, which is the main goal of this paper.
II. BRIEF REVIEW OF THE DGP MODEL
To setup the formalism, in this section we present a brief pedagogical description of the relevant details of the
DGP model, filling the gaps in calculations that were left in the original paper. By doing so, we will facilitate the
presentation of analog calculations in lower dimensions after Section III.
A. Linearized Einstein equations in 4D and 5D
In the following sections we will use linearized Einstein equations in 4D and 5D. For convenience we present them
here. We begin with Einstein equations in 4D space-time.
Gµν = 8piGTµν (1)
If we perturb the metric around the flat space-time, i.e. gµν = ηµν + hµν , and keep only the linear terms, the right
2hand side becomes
Gµν = Rµν − 1
2
ηµνR
=
1
2
(∂σ∂νh
σ
µ + ∂σ∂µh
σ
ν − ∂µ∂νh−hµν − ηµν∂ρ∂λhρλ + ηµνh),
(2)
where h is trace of hµν in 4D, i.e. h ≡ hµµ. We can simplify this expression in the harmonic gauge
∂µh
µν =
1
2
∂νh (3)
The first term in (2) becomes
∂σ∂νh
σ
µ = ηµν∂ν∂σh
σλ
=
1
2
∂µ∂νh
(4)
Similarly,
∂σ∂µh
σν =
1
2
∂µ∂νh (5)
Thus, the first three terms in (2) add up to zero. Furthermore,
ηµν∂ρ∂λh
ρλ = ηµν∂ρ
1
2
∂ρh =
1
2
ηµνh
When we sum all terms in (2) we get
hµν − 1
2
ηµνh = −16piGTµν (6)
In 5D, the linearized Einstein tensor takes the form,
GAB = −1
2
(5hAB − 1
2
ηAB5h
C
C) (7)
where hCC is trace of hAB in 5D. Greek letters µ, ν, λ · · · denote 4D space-time coordinates, while Latin letters A, B,
C, · · · go over the whole 5D space-time. The letter y is reserved for the extra dimension (5th coordinate).
B. The DGP action
We can now write down the original DGP action,
S =
M35
2
∫
d5x
√
−GR5 + M
2
4
2
∫
d4x
√−gR+
∫
d4xLmatter (8)
where the G is the determinant of 5D metric, while the induced metric on the brane is denoted by
gµν(x) ≡ Gµν(x, y = 0) (9)
The full 5D metric tensor has components
GAB =
(
Gµν Gµ5
G5ν G55
)
(10)
As usual, we assume that all the matter fields are confined to the brane
TAB =
(
δ(y)Tµν 0
0 0
)
(11)
3If we vary action in Eq. (8) with respect to the metric GAB we get the equations of motion
M35GAB + δ(y)M
2
4Gµνδ
µ
Aδ
ν
B = δ(y)Tµνδ
µ
Aδ
ν
B (12)
We can now impose the harmonic gauge in the bulk
∂AhAB =
1
2
∂Bh
C
C , (13)
and derive the linearized equations for the induced metric in the brane.
We want to check if we can simplify our calculations by setting hµ5 = 0, since Tµ5 = 0 . With the use of Eq. (7),
Eq. (12) becomes
− M
3
5
2
(5hµ5 − 1
2
ηµ55h
C
C) + δ(y)M
2
4Gαβδ
α
µδ
β
5 = δ(y)Tαβδ
α
µδ
β
5 (14)
5hµ5 = 0 (15)
From here we can conclude that hµ5 = 0 is a self-consistent choice. The surviving components of hAB are hµν and
h55. With hµ5 = 0, the gauge condition (13) tells us that the h55 obeys
∂5h55 =
1
2
∂5(h
α
α + h
5
5)
∂5(h
α
α − h55) = 0
hαα = h
5
5
(16)
while hµν obeys
∂µhµν =
1
2
∂ν(h
α
α + h
5
5) (17)
∂µhµν = ∂νh
α
α (18)
The above is the gauge condition for the induced metric on the brane. Now we can rewrite the Einstein’s equation
for the brane. In this gauge, Gµν takes the form
Gµν = −1
2
(hµν − ∂µ∂νhαα) (19)
and (12) becomes,
− M
3
5
2
5(hAB − 1
2
ηABh
C
C)−
δ(y)
2
M24 (hµν − ∂µ∂νhαα)δµAδνB = δ(y)TµνδµAδνB (20)
with hαα = h
5
5
− M
3
5
2
5(hAB − ηABhαα)−
δ(y)
2
M24 (hµν − ∂µ∂νhαα)δµAδνB = δ(y)TµνδµAδνB (21)
Take the trace,
− M
3
5
2
5(h
B
B − 5hαα)−
δ(y)
2
M24 (h
α
α − ∂µ∂µhαα) = δ(y)Tαα (22)
− 3
2
M355h
α
α = δ(y)T
α
α (23)
Let’s look at the (µν) components of (21),
− M
3
5
2
5(hµν − ηµνhαα)−
δ(y)
2
M24 (hµν − ∂µ∂νhαα) = δ(y)Tµν (24)
4with (23),
− 1
2
(M355 + δ(y)M
2
4)hµν = δ(y)Tµν + ηµν −
M35
2
hαα −
δ(y)
2
M24∂µ∂νh
5
5 (25)
− 1
2
(M355 + δ(y)M
2
4)hµν = (Tµν −
1
3
ηµνT
α
α )δ(y)−
δ(y)
2
M24∂µ∂νh
5
5 (26)
Massive and massless gravitons have different tensor structures [13, 14]. In 4D space-time, the massless graviton
propagator is
1
2
ηµαηνβ +
1
2
ηµβηνα − 1
2
ηµνηαβ , (27)
while the massive graviton propagator is
1
2
ηµαηνβ +
1
2
ηµβηνα − 1
3
ηµνηαβ (28)
The tensor structure we obtained for the induced brane metric in (26) appears to be a massive graviton propagator.
We can rewrite it in a form similar to the massless graviton
(Tµν − 1
3
ηµνT
α
α )δ(y) = (Tµν −
1
2
ηµνT
α
α )δ(y) +
1
6
ηµνT
α
α )δ(y) (29)
= (Tµν − 1
2
ηµνT
α
α )δ(y)−
1
2
M35 ηµν5h
α
α (30)
but the second term on the right hand side only reminds us that we are actually dealing with a tensor-scalar theory.
We are now ready to find the exact graviton propagator. In order to do this, we will first use the Fourier-transformed
expression
hµν(x, y) ≡
∫
d4p
(2pi)4
eipxh˜µν(P, y) (31)
Note that in momentum space, the last term in (26) has the form of PµPν , since we are interested in graviton
propagation in the lowest order with one tree diagram, when coupled with a conserved energy-momentum tensor Tµν ,
T ′µν , we have
PµTµν = P
νTµν = P
αT ′αβ = P
βT ′αβ = 0 (32)
This implies that the last term in (26) gives no contribution.
In Euclidean space, (26) coupled to a conserved T ′µν reads
(M35∂A∂
A + δ(y)M24∂µ∂
µ)
∫
d4p
(2pi)4
eipxh˜µν(P, y)T˜
′µν = (
∫
d4p
(2pi)4
eipxh˜µν T˜
′µν − 1
3
∫
d4p
(2pi)4
eipxT˜αα ηµν T˜
′µν)δ(y) (33)
The last term in (26) vanishes due to (32).
From (33), we can get
[M35 (P
2 − ∂2y) +M24 δ(y)P2]h˜µν T˜ ′µν = (T˜µν T˜ ′µν −
1
3
T˜αα T˜
′β
β )δ(y) (34)
where P2 = p24 + p
2
1 + p
2
2 + p
2
3. We can now solve for h˜µν T˜
′µν , when y 6= 0
M35 (P
2 − ∂2y)h˜µν T˜ ′µν = 0
h˜µν T˜
′µν = Ae−P|y| (35)
5The constant A has to be determined now. We can take the limit from both sides of the brane
lim
ǫ→0
ǫ∫
−ǫ
[M35 (P
2 − ∂2y) +M24 δ(y)P2]h˜µν T˜ ′µν dy =
ǫ∫
−ǫ
(T˜µν T˜
′µν − 1
3
T˜αα T˜
′β
β )δ(y) dy
2M35PA+M
2
4P
2A = T˜µν T˜
′µν − 1
3
T˜αα T˜
′β
β
A =
T˜µν T˜
′µν − 13 T˜αα T˜ ′ββ
2M35P +M
2
4P
2
(36)
Exactly on the brane, at y = 0,
h˜µν(P, y = 0)T˜
′µν(P) =
T˜µν T˜
′µν − 13 T˜αα T˜ ′ββ
2M35P +M
2
4P
2
(37)
The potential mediated by this graviton on the brane is given as
V (r) =
∫
hµνT
µν(t,x, y = 0; 0, 0, 0) dt (38)
where hµνT
µν is expressed in coordinate space.
Using (37), we find
V (r) = − 1
8pi2M24 r
{sin( r
r0
)Ci(
r
r0
) +
1
2
cos(
r
r0
)[pi − 2Si( r
r0
)]} (39)
where Ci(z) ≡ γ + ln(z) + ∫ z0 (cos(t) − 1) dt/t is the Cosine Integral, Si(z) ≡ ∫ z0 sin(t) dt/t is the Sine Integral, γ is
the Euler-Masceroni constant. r0 is the characteristic distance scale defined as
r0 ≡ M
2
4
2M35
(40)
Two important limits are of course the short and long distance behavior of the potential. When r ≪ r0, the potential
is
V (r) ≃ − 1
8pi2M24 r
{pi
2
+ [−1 + γ + ln( r
r0
)](
r
r0
+O(r2))} (41)
∼ −1
r
(42)
which gives the usual 4D Newtonian potential. In the opposite limit, when r ≫ r0, the potential is
V (r) ≃ − 1
8pi2M24
1
r
[
r0
r
+O( 1
r2
)] (43)
∼ − 1
r2
(44)
The potential now scales as 1/r2, which is the regular 5D behavior. Thus, the DGP setup yields gravity that looks
4D on short and 5D on large distances.
III. EXTENDING DGP TO LOWER DIMENSIONS
In this section, we will extend the DGP model to lower dimensions. In particular, our setup consists of a 3D brane
embedded in a 4D space. We will rely on procedure reviewed in the previous section to calculate the behavior of the
scalar and gravitational field in this framework.
6A. Scalar field
We first concentrate on the scalar field propagator. The scalar field Lagrangian that we want to study is
L = −M
2
4
2
∂µφ∂
µφ− M3
2
δ(z)∂iφ∂
iφ (45)
where lowercase Latin indices i, j, k,· · · are used for 3D quantities, while z is reserved for the bulk coordinate. The
Green’s function for this case is
(M24∂µ∂
µ +M3δ(z)∂i∂
i)G(x, z; 0, 0) = δ3(x)δ(z) (46)
If we perform the Fourier transformation and work in Euclidean space, we get
[M24 (p
2 − ∂2z ) +M3p2δ(z)]G˜(p, z) = δ(z). (47)
Solving this equation we find
G˜(p, z) =
1
2M24p+M3p
2
e−p|z|. (48)
Thus the potential mediated by this scalar field on the 3D brane is,
V (r) = − 1
8pi2M24
1
r
{pi − 2Ci( r
r0
) sin(
r
r0
)− cos( r
r0
)[pi − 2Si( r
r0
)]} (49)
where r0 =
M3
M2
4
is the critical distance. At short distances, where r ≪ r0, the potential is
V (r) ≃ − 1
8pi2M24
1
r
{−2[−1 + γ + ln( r
r0
)]r +O(r2)} (50)
∼ − ln( r
r0
) (51)
The ln(r) behavior is what we expect in a 3D space. At large distances, where r ≫ r0, the potential is
V (r) ≃ − 1
8pi2M24
1
r
[pi − 2r0
r
+O(
1
r2
)] (52)
∼ −1
r
(53)
Obviously, the standard 4D behavior is recovered on large distances.
B. Gravity
To learn about the tensor structure of this setup, we have to write down gravitational action. We define the
stress-energy tensor on the 3D brane as
Tµν =
(
δ(z)Tij 0
0 0
)
(54)
while the action is,
S =
M24
2
∫
d4x
√−gR4 + M3
2
∫
d3x
√−g3R3 (55)
The equations of motion take the form
M24
2
Gµν +
δ(z)
2
M3Gijδ
i
µδ
j
ν = δ(z)Tijδ
i
µδ
j
ν (56)
7With the choice of harmonic gauge in the 4D bulk, one can check that hi4 = 0 and ∂
ihij = ∂jh
k
k are consistent with
the equations of motion. In turn, this leads to the (ij) components of the Eq. (56)
− 1
2
(M24+ δ(z)M33)hij = (Tij −
1
2
ηijT )δ(z)− M3
2
δ(z)∂i∂jh
4
4 (57)
Performing the Fourier transform in Euclidean space as before we get
h˜ij T˜
′ij =
T˜ij T˜
′ij − 12 T˜ kk T˜ ′ll
2M24 p+M3p
2
(58)
From this equation we can read the tensor structure of the lower dimensional DGP. Obviously, it is different from
Eq. (37), but the difference comes only from the reduced dimensionality. The importance of this result is that DGP
can be extended to lower dimensions without any fundamental problems.
IV. CASCADING SCALAR MODEL 5D → 4D → 3D
All that we have achieved so far is to merely extend the DGP model to lower dimensions, and unfortunately will
carry on a bad character from the DGP framework - unstable high energy modes. One way that can take us out of
this crisis is to successively embed the codimension-2 brane into a codimension-1 brane and then to embed both of
them in a bulk, in analogy with [2–4]. In this section, we will examine this idea in our lower dimensional scenario,
with a scalar field model. In the next section we will do the same with gravity.
Following the procedure in [4], the full action in our context is
S = −M
3
5
2
∫
d5x∂Aφ∂
Aφ− M
2
4
2
∫
d4x∂µφ∂
µφ− M3
2
∫
d3x∂iφ∂
iφ (59)
To find the final propagator on the codimension-2 brane, we treat the first term in (59) as the free theory and the
rest as interactions with coupling λ1 = −M24 (p2 + q21) on the codimension-1 brane and coupling λ2 = −M3P 2 on
the codimension-2 brane. Here q1 is the momentum in the z dimension and pi the momentum on the codimension-2
brane.
In momentum space, the free propagator on the codimension-1 brane is,
G0(pi, q1; 0, 0) =
1
M35
∫
dq
pi
1
p2 + q21 + q
2
=
1
M35
√
p2 + q21
. (60)
This propagator couples with the first interaction term and produces the modified propagator on the codimension-1
brane
G1(pi, q1) = G0(pi, q1) + λ1G0(pi, q1)
2 + λ21G0(pi, q1)
3 + · · ·
=
G0(pi, q1)
1 +M24 (p
2 + q21)G0(pi, q1)
=
1
M24
1
p2 + q21 +m5
√
p2 + q21
(61)
where m5 is the 5D to 4D crossover scale
m5 =
M35
M24
.
On the codimension-2 brane we have,
G1(pi) ≡ G1(pi; 0, 0) = 1
M24
∫
dq1
pi
1
p2 + q21 +m5
√
p2 + q21
=
4
piM24
1√
p2 −m25
tan−1(
√
p−m5
p+m5
)
(62)
8Note that when p < m5, tan
−1(
√
p−m5
p+m5
) = i tanh−1(
√
m5−p
p+m5
).
If we carry on the same procedure as shown above with the second coupling constant λ2 = −M3P 2, we arrive at
the final propagator on the codimension-2 brane:
G2(pi) =
G1(pi)
1 +M3p2G1(pi)
=
1
M3
1
p2 + g(p2)
(63)
where g(p2) is defined for future reference as,
g(p2) ≡ piM
2
4
4
√
p2 −m25
tan−1(
√
p−m5
p+m5
)
for p > m5 (64)
with m4 =
M2
4
M3
the 4D to 3D crossover scale.
It is worth noting that all what is required for a well defined propagator here is to have a non-zero Planck mass
M4. The existence of the codimension-1 brane serves as a regulator, without which the propagator is divergent
if M4 → 0 or m5 ≫ p, G2(pi) −→ 1
2M35
log(
p
m5
) (65)
On the other hand, if the scalar field does not feel the 5th dimension, i.e. m5 → 0, then the DGP propagator is
recovered,
G2(pi) −→ 1
M3
1
p2 +m4p
(66)
Therefore a successive embedding of codimension 1 and 2 branes is essential in the set-up of cascading models.
V. CASCADING GRAVITY 5D → 4D → 3D
Generalization to the gravitational sector is also straightforward, but unlike the scalar sector, in the gravitational
sector a scalar mode appears to be the source of instability. The same features are found in the original cascading
models [2–4], and the same cure applies here as well.
Starting from the 5D action,
S =
M35
2
∫
d5x
√−g5R5 + M
2
4
2
∫
d4x
√−g4R4 + M3
2
∫
d3x
√−g3R3, (67)
the 5D Einstein equations are what is previously seen in Eq. (26), section II B :
− M
3
5
2
(5 +
δ(y)
m5
4)hµν = (T
(4)
µν −
1
3
ηµνT
(4))δ(y)− δ(y)
2
M24∂µ∂νh
γ
γ (68)
With the presence of the codimension-2 brane, the 4D stress-energy tensor takes the form,
T (4)µν = δ(z)(−M3G(3)ij + T (3)ij )δiµδjν (69)
Here and henceforth we use the superscript number in parenthesis to denote the quantities in corresponding dimen-
sions.
Suppose the space-time on the 3D brane is flat, then the 3D perturbations can be decomposed into a scalar(pi)
part and a transverse and traceless(TT) part,
h
(3)
ij = h
(3)TT
ij + piηij (70)
The 4D transverse and traceless variable can also be projected out as
h(4)TTµν = hµν −
∂µ∂ν
4
hγγ (71)
9which leads to a decoupled and regularized equation,
− M
3
5
2
(5 +
δ(y)
m5
4)h
(4)TT
µν = δ(y)(T
(4)
µν −
1
3
T (4)ηµν +
1
3
∂µ∂ν
4
T (4)) (72)
This equation can be solved and the result takes the form,
− M
2
4
2
(4 −m5
√
−4)h(4)TTµν = δ(z)(T (3)ij −M3G(3)ij )δiµδjν −
δ(z)
3
(ηµν − ∂µ∂ν
4
)(T (3) +
1
2
M3R3) (73)
where h
(4)TT
µν is recognized as the propagator on the codimension-1 brane.
Just as in the scalar case, the perturbation on the codimension-2 brane can be obtained when the interaction there
is taken into account. With our choice h
(3)
ij = h
(3)TT
ij + piηij , it can be shown that
R
(3)
ij = −
1
2
(∂i∂jpi +3h
(3)TT
ij +3piηij) (74)
R3 = −23pi (75)
G
(3)
ij = −
1
2
[3h
(3)TT
ij −3(ηij −
∂i∂j
3
)pi] (76)
One can fix the gauge in which
pi =
4
23
ηijh
(4)TT
ij = −
4
23
h(4)TTzz , (77)
with which h
(3)TT
ij can be expressed in terms of h
(4)TT
ij and pi as
h
(3)TT
ij = h
(4)TT
ij − piηij − (
23
4
− 3) 1
3
∂i∂jpi. (78)
The (ij) component of (73) gives us an equation for the TT part
− M
2
4
2
(4 −m5
√
−4)h(3)TTij = δ(z)(Σ(3)ij +
M3
2
3h
(3)TT
ij ) (79)
where Σ
(3)
ij = T
(3)
ij − 12ηijT (3) + 12
∂i∂j
3
T (3) is the TT part of the matter-stress tensor.
Comparing this equation with the equation of motion obtained in the Section IV for the scalar model, it is clear
that they take the same general form. The solution of h
(3)TT
ij is,
h
(3)TT
ij =
2
M3
1
−3 + g(−3)Σ
(3)
ij (80)
where function g was defined in Eq. (64). The (zz) component of Eq. ((73)) yields an equation for pi
− M
2
4
2
(4 −m5
√
−4)pi = 1
6
δ(z)(T (3) −M33pi) (81)
from which the solution is found to be,
pi =
1
M3
1
3 + 3g(−3)T
(3). (82)
This solution is problematic because, unlike the scalar solution and the transverse traceless tensor modes, the overall
sign in front of 3 appears to be positive, and thus at high energy this propagator is not positive definite. However
such a ghost is generic in any codimension-2 theory, and within the framework of cascading gravity, two cures have
been proposed, both aimed at providing an additional positive kinetic term for pi. The first approach is to introduce
10
a high enough tension to the codimension-2 [2], which produces extrinsic curvature while keeping the metric on the
brane flat. The net result is the pi field obtains contributions from the additional terms in the lagrangian involving
tension and a healthy sign is restored for pi. An alternative approach is to regularize the codimension-2 brane with
the understanding that an R3 is not the most general induced gravity action [4]. Different regularization methods at
the end yield the same tensor scalar result with an additional kinetic term for pi.
Using the general formula derived in [4], the trace of the effective source can be found,
Teff = δ(z)(−3
2
M3R3 + T
(3)). (83)
In our decomposition (70), R3 = −23pi, thus the regularized equation of motion for pi takes the form,
− M
2
4
2
(4 −m5
√
−4)pi − M3
2
δ(z)3pi =
1
6
δ(z)T (3) (84)
with a healthy solution,
pi =
1
3M3
1
−3 + g(−3)T
(3) (85)
This result indicates that the cascading gravity model can be self-consistently extended to lower dimensions.
It is interesting to note that we obtained non-trivial results when extending the cascading gravity models to lower
dimensions, though it is well known that the 2+ 1 dimensional space-times in the general relativity do not have local
propagating degrees of freedom (gravity waves in classical theory or gravitons in quantum theory). However, the
tensorial structure of the DGP models is such that graviton on the brane acquires an induced mass, so they it is not
massless like in the general relativity. And massive gravity is known to have propagating degrees of freedom even
in 2 + 1 dimensional space-times. This magic would however stop in 1 + 1 dimensional space-time, where Einstein’s
action is just an Euler’s characteristic of the manifold in question.
VI. POSSIBLE APPLICATIONS
One of the possible applications of our setup is the framework of “vanishing dimensions”. In this framework, high
energy physics is lower dimensional while the low energy physics is higher dimensional. Dimensions open up one by
one as we increase the length scale. On the usual length scales between 10−17cm and a Gpc, our universe is 4D, as
we well know. On scales comparable to out cosmological horizon and lager, our universe may become 5D and so on.
On scales shorter than 10−17cm, our universe may appear 3D. In order to achieve this, we have to slightly modify our
setup. In our original setup we have only one 3D brane embedded in a 4D brane (which is itself embedded in a 5D
brane and so on). This would make our universe appear lower dimensional only at one particular point, which is the
location of the 3D brane. In order to make our 4D universe appear lower dimensional around every point, we have to
introduce a stack of branes with the inter-brane distance that would correspond to the dimensional cross-over scale
(TeV−1 or 10−17cm is the maximal value is required by phenomenology). Then the 4D brane that we live on, would
actually be comprised of the many densely packed 3D branes, as in Fig. 1 (this work will appear in [15]). At energies
smaller than the inverse dimensional cross-over scale our 4D space would appear smooth.
This modified setup would require adding a set of N lower dimensional branes instead of just one. In particular,
the term δ(z) in Section III B and the subsequent sections would need to be replaced with
N∑
i
δ(z − zi), (86)
where zi are the locations of the 3D branes inside the 4D one. This setup would resemble an anisotropic lattice
model in [6]. At energies higher than the dimensional crossover scale, one may encounter interesting effects like planar
scattering, eliptic jets etc.
VII. CONCLUSIONS
In this paper we showed that the cascading gravity model can be successfully extended to lower dimensions. In
particular, one can self-consistently embed a 3D brane into a 4D brane which is itself embedded into a 5D brane. We
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FIG. 1: The 4D brane that we live on could be comprised of the stack of densely packed 3D branes. If the inter-brane separation
corresponds to the dimensional cross-over scale (TeV−1 or smaller), our 4D universe would appear smooth at energies smaller
than TeV.
demonstrated this on the example of the scalar field and graviton. The same mechanism which cures instability in
the case of gravity in a higher dimensional cascading gravity model works in our case too.
Apart from the pure academic interest, our setup fits well into the “vanishing dimensions” framework where the
short distance physics appears to be lower dimensional.
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